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Spectroscopy on Two Coupled Superconducting Flux Qubits
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We have performed spectroscopy measurements on two coupled flux qubits. The qubits are coupled
inductively, which results in a �z

1�
z
2 interaction. By applying microwave radiation, we observe resonances

due to transitions from the ground state to the first two excited states. From the position of these
resonances as a function of the applied magnetic field, we observe the coupling of the qubits. The coupling
strength agrees with calculations of the mutual inductance.
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FIG. 1. Scanning microscope image of the two coupled qubits
surrounded by the dc SQUID. A part of the microwave coupler is
visible on the right. The width of the qubits is 5 �m.
Quantum computers manipulate quantum information
contained in the states of interacting two-level systems
called quantum bits or qubits. Quantum gates require
qubit-qubit coupling that preserves quantum coherence
[1]. Qubits have been implemented in various systems.
However, the requirement for scaling makes solid state
implementations highly attractive. Several single solid
state qubits have been realized using superconducting
Josephson junction circuits [2–7]. As a next step, coupled
multiple qubits need to be studied. Recently, charge quan-
tum dynamics in two coupled Josephson qubits has been
observed [8]. Spectroscopic measurements on coupled
phase qubits have been performed as well [9].

In this Letter, we present spectroscopy measurements on
two coupled aluminum flux qubits [2] with fixed coupling.
Our flux qubit consists of a small superconducting loop
interrupted by three Josephson junctions with a small
junction capacitance C. When approximately half a flux
quantum �0 is applied to the ring, the Josephson junctions
form a double well potential. The two classical states
(associated with the minima in the energy landscape)
correspond to clockwise and anticlockwise circulating
currents. The circulating current of the qubit generates a
magnetic field into j#i or out of j"i the loop. The Josephson
energy of the two minima depends on the flux according to

h � Ip��� 1=2�0�; (1)

with Ip the circulating current and � the flux applied to the
qubit. Because of the large charging energy EC � e2=2C,
tunneling through the barrier between the minima is pos-
sible. The tunneling amplitude t depends exponentially on
the ratio EJ=EC [10]. Here EJ � I0�0=2 is the Josephson
energy, with I0 the critical current of one junction. In the
basis of the two classical states the system can be described
by the effective Hamiltonian H � h�z 	 t�x, where �z;x

are Pauli spin matrices, as shown in [10]. When exactly
half a flux quantum is applied, the two eigenstates are
symmetric and antisymmetric superpositions of the two
classical states. In the two-level description the self-
induced flux can be ignored because it adds a constant
energy term. Because the basic states of this qubit are flux
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states it is insensitive to charge noise. The energy level
repulsion due to the tunneling amplitude t was observed
with spectroscopy [11]. Recently also coherent oscillations
of such a flux qubit have been observed [12].

To couple two qubits we position them right next to each
other. In fact, they share one leg of their respective loops
(Fig. 1). The total coupling strength is given by

j � jmag 	 jJos � MIp;1Ip;2: (2)

The coupling energy consists of two terms. In both terms
the mutual inductance M contains geometric as well as
kinetic contributions M � Mgeom 	Mkin. The first term is
due to energy stored in the magnetic field [13] and the
kinetic energy of the Cooper pairs [14,15]. This contribu-
tion is negative and of magnitude jmag � �MIp;1Ip;2. The
second term is due to the fact that a current in qubit 2 will
change the flux in qubit 1 with ��1 � MIp;2. Thereby it
increases or decreases the Josephson energy of the other
qubit according to Eq. (1). This argument holds for both
qubits, resulting in jJos � 2MIp;1Ip;2.
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The coupling is �z�z and the sign is such that it favors antiparallel qubit states. Figure 1 shows a scanning electron
microscope image of the two qubits. The two qubits are now described by the total Hamiltonian:

H � h1�
z
1 	 t1�x

1 	 h2�
z
2 	 t2�x

2 	 j�z
1�

z
2 �

h1 	 h2 	 j t2 t1 0
t2 h1 � h2 � j 0 t1
t1 0 �h1 	 h2 � j t2
0 t1 t2 �h1 � h2 	 j

0
BBB@

1
CCCA: (3)
20

10

0

-1 0E
ne

rg
y

(G
H

z)

(a)
Here h1 � Ip;1��1 � 1=2�0� and t1 is the tunneling am-
plitude of the first qubit. Similar expressions hold for the
second qubit.

The energy levels and energy eigenstates of two coupled
qubits can be calculated by diagonalizing the Hamiltonian
(3) [16]. Figure 2 shows the energy levels for two identical
qubits. The parameters are Ip;1 � Ip;2 � 1 GHz=m�0 and
j � t1 � t2 � 1 GHz. Far away from the degeneracy point
(jhj 
 t), the energy states closely resemble the classical
states j##i, j#"i, j"#i, and j""i. The two antiferromagnetic
states j"#i, j#"i (with opposite circulating currents in the
qubits) are degenerate. The coupling j reduces the energy
of the antiferromagnetic states and increases the energy of
the ferromagnetic states j""i; j##i. In the vicinity of the
degeneracy point (jhj & t), the states are superpositions
of the classical states due to the tunnel coupling t. Because
of the symmetry of the problem, the antisymmetric energy
state j#"i � j"#i does not mix with the other states and its
energy is independent of the magnetic field applied.

In practice the two qubits have different parameter
values due to fabrication limitations. Figure 3(a) shows
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FIG. 2. Energy levels of two identical coupled qubits as a
function of the externally applied flux. Far away from the
degeneracy point jhj 
 t, the energy states resemble classical
states. The coupling j shifts the energy of the ferromagnetic
states j""i; j##i up, while the energy of the antiferromagnetic
states j"#i; j#"i is lowered. In the vicinity of the degeneracy point
jhj & t, the classical states mix due to the tunnel coupling t.
Because of the symmetry of the problem, the antisymmetric
energy state j#"i � j"#i does not mix with symmetric states.

09050
the energy levels for two unequal qubits. The parameter
values are those of the actual sample (as obtained below).
Because the qubits have different circulating currents
Ip;1 � Ip;2, the degeneracy of the antiferromagnetic states
is lifted.

The signal of the two qubits is measured with a dc
superconducting quantum interference device (SQUID).
The SQUID surrounds the two qubits (Fig. 1) and measures
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FIG. 3. (a) Energy levels of two different coupled qubits as a
function of the externally applied flux. Because of the difference
between the two qubits, the degeneracy of the two antiferromag-
netic states j"#i; j#"i is lifted. (b) Transition matrix elements
jTifj � jh�fj�

z
1 	 �z

2j�iij for the transitions from the ground
state to the three excited states. The matrix element for the
transition from the ground state to the third excited state is
very small except in the vicinity of the degeneracy point. The
parameter values are taken from the values obtained by fitting
the experimental data (Fig. 4).
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FIG. 4. Spectroscopy measurements. (a) SQUID signal, i.e.,
magnetization of the two qubits, as a function of the applied
magnetic field. The microwaves induce transition from the
ground state to the first and the second excited state, which
appear as dips and peaks in the magnetization. The outer peaks
and dips are due to the first excited state and the inner due to the
second. (b) Microwave frequency versus peak and dip position.
In the vicinity of the degeneracy point (�  1=2�0), the reso-
nances deviate from straight lines because the energy levels are
formed by superposition of the classical states. The straight line
is a fit of the two-qubit Hamiltonian [Eq. (3)] to the data. The
dashed lines indicate the position where the levels cross. The
inset compares the data obtained in the vicinity of 3=2�0 with
the data obtained at 1=2�0. The shift is due to the influence of
the different qubit areas which is 3 times higher.
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the magnetization, i.e., generated flux, of the two qubits
together. The magnetization of the two qubits is given by
the slope of the energy levels as a function of the magnetic
flux (Figs. 2 and 3). On the right-hand side of Fig. 1, a part
of the microwave coupler is visible. When the microwave
frequency matches the energy difference between two
energy states of the coupled qubits the radiation induces
transitions between the two states. The microwave coupler
induces approximately the same amount of flux in the two
qubits. Therefore the transition matrix element is of the
form �z

1 	 �z
2. Figure 3(b) shows the absolute value of the

transition elements Tif � h�fj�
z
1 	 �z

2j�ii. Note that T03

is small compared to the other elements.
Measurements were performed in a dilution refrigerator

at a base temperature of 20 mK. We measured the switch-
ing current of the dc SQUID. This was done by ramping the
bias current and recording the current, where the SQUID
switched to a voltage state [11]. We repeated this procedure
and averaged the switching current over typically 1000
measurements. We varied the field in a 20m�0 range
centered at 1=2�0. The SQUID signal shows a character-
istic step [Fig. 4(a)]. The ground state of the two qubits
changes from the j""i state via a superposition of all states
at 1=2�0 to the j##i state. Applying microwaves leads to
dips on the left of the step and peaks on the right of the step
[Fig. 4(a)]. At these positions the energy of the microwaves
matches the difference between two energy levels and
induces transitions between them. As the system of the
two qubits is excited continuously, an incoherent mixture is
formed and the SQUID signal is the average of the mag-
netization of the two levels. We have studied the positions
of these resonances as a function of the applied microwave
frequency. Figure 4(b) shows the frequency of the reso-
nances versus the position. Far away from 1=2�0 the peaks
and dips approximately follow straight lines. Here the
resonances correspond to transitions between states where
one of the two qubits is flipped. One observes that the
slopes of the two resonances and consequently the persis-
tent currents of the two qubits are different. The dotted
lines in 4(b) are linear fits to the data above 8 GHz for one
of the qubits. From these lines an estimate can be made of
the coupling strength j. As the ground state is ferromag-
netic and has its levels shifted up by j, while the excited
state is antiferromagnetic with levels shifted down by j, the
intersection should occur at a level of �2j. For the dotted
lines one finds a crossing at a level of �0:98 GHz, indicat-
ing a value j � 0:49 GHz. The transitions for the other
qubit yield a less accurate estimate, as can be understood
later from the full parameter fit (the higher value of t2 leads
to strong rounding). One observes that the resonance peaks
and dips cross at two points at opposite sides of the
degeneracy point 1=2�0 with the crossing points at
�� 1:5m�0 for the peaks and �	 2:2m�0 [dashed lines
in Fig. 4(b)] for the dips [17]. This is a peculiar feature of
the quantum nature of the two qubits. If the qubits were
09050
classical (t1 � t2 � 0), the energy levels in Fig. 3(a) would
follow straight lines. The first and second excited state
lines thus could cross at one point only.

In order to obtain all coupled qubit parameters we did a
least-squares fit to the difference of energy levels calcu-
lated with the coupled qubit Hamiltonian (3). Here we
make the assumption that the magnetic field is homoge-
neous for the qubits and the SQUID. The least square fit
involves six fitting parameters: the persistent currents Ip;1
and Ip;2, the tunneling amplitudes t1 and t2, the interqubit
coupling strength j, and the relative difference in the area
1-3
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of the two qubits �. From the fit, we obtain the following
parameters for the two qubits: Ip;1 � 512 nA� 6 nA, t1 �
0:45 GHz� 0:2 GHz and Ip;2 � 392 nA� 5 nA, t2 �
1:9 GHz� 0:1 GHz. The persistent current is directly de-
pendent on the critical current of the Josephson junctions
[10]. The difference in persistent currents of the two qubits
is due to the spread in critical currents in the fabrication
process. While the tunneling amplitude t depends expo-
nentially on EJ=EC, the typical spread in the junction
parameters can easily lead to a difference as large as
observed. The qubit coupling strength obtained from the
fit is j � 0:50 GHz� 0:03 GHz and agrees well with re-
sult from the analysis above. The difference in qubit area is
� � 0:027%� 0:004%. Note that if the areas would differ
more than a few parts in a thousand, the degeneracy points
of the two qubits would be so far apart that one would
measure a double step.

The mutual inductance M can also be evaluated using
Eq. (2). Using the values of the persistent currents and the
coupling obtained in the fitting procedure, we get a mutual
inductance of M � 1:7 pH. From the geometry the mutual
inductance can be estimated using numerical methods,
yielding M � 1:9 pH. We attribute the difference to a
limited accuracy of the numerical model describing the
geometry of the device.

We have also performed the spectroscopy measurements
in the vicinity of 3=2�0. At this point everything is equiva-
lent to the situation at 1=2�0, except for the flux bias due to
the difference of the areas. The effect of the different qubit
areas on the energy levels is now 3 times higher. The inset
of Fig. 4(b) compares the data at 3=2�0 and 1=2�0 at high
frequencies. The peaks corresponding to the first (second)
excited state are shifted to lower (higher) magnetic field
values. From the magnitude of the shift, one can calculate
the difference of the qubit areas to be � � 0:03%, which
agrees with the result from the fit above.

We have observed transitions only from the ground state
to the first two excited states, however, and not to the third
excited state. Figure 3(b) shows that the transition ampli-
tude T03 for this resonance is very small except in the
vicinity of the degeneracy point 1=2�0. However, near
the degeneracy point the ground state and the third excited
state have similar slope and therefore similar magnetiza-
tion. Consequently, we are not able to observe the transi-
tion with the SQUID. It would be possible to increase the
transition rate by using higher microwave power. However,
at higher microwave power the SQUID is affected, making
it impossible to measure the signal from the two qubits.
Figure 3(b) also shows that the transition amplitude to the
first excited state is larger than to the second excited state.
In agreement with this, one observes that the outer reso-
nance peaks and dips are broader than the inner ones
[Fig. 4(a)].

The previous analysis makes clear that the spectroscopic
data are fully consistent with the two-qubit Hamiltonian of
09050
Eq. (3). This Hamiltonian, in turn, opens the possibility of
well-chosen one- and two-qubit operations that lead to
controlled entanglement. The new results support the no-
tion that superconducting flux qubits can be used to study
entanglement in macroscopic quantum systems and for the
development of nontrivial two-qubit gates such as the
controlled not (CNOT).

In summary, we have performed spectroscopy measure-
ments on two coupled flux qubits. The mutual inductance
between the two qubits leads to a �z

1�
z
2 coupling. The

observed resonances agree very well with the two-qubit
Hamiltonian [Eq. (3)]. With this, we demonstrate that two
macroscopic flux qubits can be coupled to form a quantum
mechanical four level system.

We thank T. Orlando, L. Levitov, and M. Devoret for
discussions as well as R. Schouten for technical assistance.
This work was supported by the Dutch Foundation for
Fundamental Reseach on Matter (FOM), the European
Union SQUBIT project, and the U.S. Army Research
Office (Grant No. DAAD 19-00-1-0548).
1-4
*Present Address: Department of Applied Physics, Yale
University, New Haven, CT 06511, USA.

[1] M. A. Nielsen and I. L. Chuang, Quantum Computation
and Quantum Information (Cambridge University Press,
Cambridge, 2000).

[2] J. E. Mooij et al., Science 285, 1036 (1999).
[3] Y. Nakamura, Yu. A. Pashkin, and J. S. Tsai, Nature

(London) 398, 786 (1999).
[4] J. R. Friedman et al., Nature (London) 406, 43 (2000).
[5] Y. Yu et al., Science 296, 889 (2002).
[6] D. Vion et al., Science 296, 886 (2002).
[7] J. M. Martinis, S. Nam, J. Aumentado, and C. Urbina,

Phys. Rev. Lett. 89, 117901 (2002).
[8] Yu. A. Pashkin et al., Nature (London) 421, 823 (2003).
[9] A. J. Berkley et al., Science 300, 1548 (2003).

[10] T. P. Orlando et al., Phys. Rev. B 60, 15 398 (1999).
[11] C. H. van der Wal et al., Science 290, 773 (2000).
[12] I. Chiorescu, Y. Nakamura, C. J. P. M. Harmans, and J. E.

Mooij, Science 299, 1869 (2003).
[13] D. J. Griffith, Introduction to Electrodynamics (Prentice-

Hall Inc., Englewood Cliffs, 1989), 2nd ed., p. 294.
[14] R. Meservey and P. M. Tedrow, J. Appl. Phys. 40, 2028

(1969).
[15] The kinetic inductance works equivalent to the geometric

inductance. The mutual kinetic inductance is equal to the
kinetic self-inductance of the shared line. The kinetic
inductance of the other parts of the loop acts as a self-
inductance.

[16] M. J. Storcz and F. K. Wilhelm, Phys. Rev. A 67, 042319
(2003).

[17] Note that the energy levels calculated with the
Hamiltonian (3) at these points do not cross. However,
the splitting is very small. Calculated with the parameters
obtained by the fit, the splitting is only 70 MHz. The width
of the spectroscopy peaks (�300 MHz) makes it impos-
sible to observe that splitting.


